Abstract. For a finite commutative ring R and a positive integer k 2, we construct an iteration digraph G(R, k) whose vertex set is R and for which there is a directed edge
Introduction
Let R be a finite commutative ring. The graph G(R, k) (k 2 is a positive integer) is a digraph whose vertices are the elements of R and for which there is a directed edge from a ∈ R to b ∈ R if b = a k . It is well known that if R is a finite commutative ring with identity 1, then R can be uniquely expressed as a direct sum of local rings:
where R i is a local ring for i = 1, . . . , s (see [1, Theorem 3.1.4] ). Let N be a subset of {R 1 , . . . , R s } (it is possible that N is the empty set ∅). We define the subdigraph 
where U(R) denotes the unit group of R and D(R) denotes the zero-divisor set of R.
Since the number of subsets of {R 1 , . . . , R s } is 2 s (including the empty set ∅), there are exactly 2 s fundamental constituents in G(R, k), and the disjoint union of these 2 s fundamental constituents is precisely the digraph G(R, k). The fundamental constituents of G(Z n , k), where Z n is the ring of integers modulo n, were introduced by Wilson in [8] and were investigated by Somer et al. in [5] and [6] .
A component of a digraph is a directed subgraph which is a maximal connected subgraph of the associated undirected graph. If α is a vertex of a component in G(R, k), we use Com R (α) to denote this component.
Suppose α is a vertex of G(R, k). The indegree of α, denoted by indeg R (α), is the number of directed edges entering α. We will simply write indeg(α) when it is understood that α is a vertex in G(R, k). A digraph is regular if all its vertices have the same indegree, while the digraph G(R, k) is said to be semiregular if there exists a positive integer d such that each vertex of G(R, k) either has indegree 0 or d.
Cycles of length t are called t-cycles, and cycles of length one are called fixed points. For an isolated fixed point α, the indegree and outdegree (i.e., the number of edges leaving α) are both one. Attached to each cycle vertex α of G(R, k) is a tree T R (α) whose root is α and whose additional vertices are the noncycle vertices β for which β k i = α for some positive integers i, but β k i−1 is not a cycle vertex. Moreover, we specify two particular subdigraphs G 1 (R, k) and G 2 (R, k) of G(R, k), i.e., G 1 (R, k) is induced by all the vertices of U(R), and G 2 (R, k) is induced by all the vertices of D(R).
Similarly to the proof of [3, Theorem 29] , it is easy to show the following lemma.
Lemma 1.1. Let R be a finite commutative ring. Let β ∈ U(R) be a cycle vertex of G(R, k), k 2. Then the tree T R (1) is isomorphic to the tree T R (β).
Given two digraphs Γ 1 and Γ 2 , let Γ 1 × Γ 2 denote the digraph whose vertices are the ordered pairs (a 1 , a 2 ), where a i is an arbitrary vertex of Γ i for i = 1, 2. In addition, there is a directed edge in Γ 1 × Γ 2 from (a 1 , a 2 ) to (b 1 , b 2 ) if and only if there is a directed edge in Γ 1 from a 1 to b 1 and there is a directed edge in Γ 2 from a 2 to b 2 . In general, if S ∼ = S 1 ⊕ . . . ⊕ S t , where S, S 1 , . . . , S t are rings, then G(S, k) ∼ = G(S 1 , k) × . . . × G(S t , k). The following lemma is obvious. Lemma 1.2. Let Γ i be digraphs, i = 1, 2, 3, 4, where Γ 1 ∼ = Γ 2 and Γ 3 ∼ = Γ 4 . Then Γ 1 × Γ 3 ∼ = Γ 2 × Γ 4 .
